Abstract: We provide a combinatorial presentation of a relevant class of smooth 4-dimensional manifolds based on V.G. Turaev's theory of shadows. We prove a calculus which could be viewed as a 4-dimensional analog of the results of S. Matveev and R. Piergallini on spines of 3-manifolds. In the last section of the paper we refine our results to the case of standard shadows in analogy with the case of standard spines of 3-manifolds.
Introduction
In the monograph [6] , V.G. Turaev introduced the notion of shadow of a 4-manifold and used it to prove an important relation between Turaev-Viro invariants and quantum invariants of 3-manifolds. A shadow of a not necessarily boundaryless, smooth 4-manifold M is a polyhedron P embedded in M such that M − P is the regular neighborhood of a graph G in M . This notion has a purely combinatorial counterpart represented by integer shadowed polyhedra which, roughly speaking, are polyhedra equipped with some additional data called gleams. In the already cited monograph, Turaev also provided a calculus for shadows of 4-manifolds clarifying how two different shadows of the same 4-manifold are related to each other.
The same integer shadowed polyhedron can be shadow of different 4-manifolds: this is due to the fact that the topology of the graph G is not fixed in the definition of shadow. So, for example, if P is a shadow of a closed 4-manifold M , it is also a shadow of the manifold represented by a regular neighborhood of P in M . To obviate to this problem, we introduce in this paper the notion of strict shadow of a 4-manifold M as a polyhedron P embedded in M such that M is diffeomorphic to the regular neighborhood of P in M itself. Strict shadows can be viewed as the four dimensional analog of spines of three manifolds. A substantial difference between the 3 and the 4-dimensional cases is that in the former any non-closed manifold has a spine, in the latter it is not true. In Theorem 3.1 we show that the class of 4-manifolds admitting a strict shadow coincides with the set of smooth 4-dimensional manifolds admitting an handle decomposition involving no handles of index 3 or 4. This class has a great relevance in 4-dimensional topology for many reason, the first is that any Stein domain belongs to it and viceversa any of its elements is homeomorphic to a Stein domain (see [2] ). The main result of this paper is the calculus provided by Theorem 3.3 which can be viewed a four dimensional analog of the indipendent results of S. Matveev (see [4] ) and R. Piergallini (see [5] ) which provide a calculus for spines of 3-manifolds.
In the last section of this paper we refine the previous results and adapt it to the case of standard strict shadows, the result is again analogous to the Matveev-Piregallini calculus for standard spines of 3-manifolds.
Preliminaries
In this section we recall the notions of integer shadowed polyhedron, integer shadow of a 4-manifold, shadow equivalence and reconstruction map.
Integer shadowed polyhedra
A simple polyhedron is a 2-dimensional polyhedron whose local models are those which can be found in the cone over the edges of a tetrahedron. Given a simple polyhedron X, we will call Sing(X) the 1-dimensional subpolyhedron composed by the points where X fails to be a surface; it is easy to see that Sing(X) is a graph whose vertices have valence exactly 4. A simple polyherdon X is standard iff the connected components of X − Sing(X) (called regions) are discs and no connected component of Sing(X) is homeomorphic to S 1 . From now on, we will use the term polyhedron meaning a finite, connected, simple polyhedron such that all its regions are orientable surfaces.
Given a polyhedron X we can associate an element of 1 2 Z 2 called Z 2 -gleam, to each region Y of X as follows. Each boundary component of Y has a regular neighborhood in X−Y which can be a Moebius strip or an annulus (near the vertices, to construct such a neighborhood we do not include the small disc contained in the region touching Y only in the vertice). To get the Z 2 -gleam of Y we count the number of boundary components of Y such that their regular neighborhood in X − Y is a Moebius strip, reduce this integer modulo 2, and multiply it by 1 2 . We can now give the definition of integer shadowed polyhedron: Definition 2.1. An integer shadowed polyhedron X is a pair (X, g) where X is a polyhedron and g is the assignment to each region Y of an half integer g(Y ) called gleam, such that g(Y ) reduces modulo 1 to the Z 2 -gleam of Y . If X is a surface then we require g to be an integer. For the sake of brevity we will use simply X instead of (X, g). The P 1 -move. The result of the move is not embedded in the R 3 we see in the figure: the region which before the move was under the horizontal plane is shifted in the fourth dimension.
In the already cited paper [6] , Turaev defines four moves which can be applied to an integer shadowed polyhedron to obtain another one. Three of these moves are shown below, and are called respectively P 1 , P 2 and P 3 ; in the figures we use the following convention: over each region we write a letter corresponding to an half-integer representing the gleam of the region. The gleam should be viewed as a global measure of a region; so, if a region Y is not contained completely in the ball where one of the move acts, we can choose freely the gleam of the part of Y we locally see (implicitly we change the gleam of the rest of Y so that the sum does not change). Note that the three moves shown in Figures 1, 2 and 3 are homotopy equivalences of the underlying polyhedra.
Remark 2.2. Some remarks are in order here. Note that the P 2 -move has infinitely many versions: infact we have to choose (see Figure 2 ) a splitting of the gleam of the central region (b and d in the figure) and any such choice gives a different move. Moreover, when speaking of P −1 2 , we will tacitly suppose that such move still gives a polyhedron whose regions are orientable surfaces. Regarding the P 1 -move, note that since the local embedding in R 3 of the polyhedron shown in Figure 1 is not an intrinsic datum, then also the move obtained by reflecting the figure on the right along the vertical plane containing the vertical region has to be accepted as a P 1 -move. Moreover, using the sequence shown in Figure 4 we construct the move whose local picture is the same as that of the P 1 -move but which induces a change of gleam on the regions which is exactly the opposite of that induced by P 1 ; we will call this move −P 1 -move. Note that the −P 1 -move can be deduced from the P 1 and the P 3 -move only, this will be extremely useful in the last section of this paper to obtain a standard calculus.
The fourth move (see Figure 5) , which we will call C-move, does instead The P 3 -move. Note that the new region which is created by the move has zero gleam, hence the inverse of this move can be applied only if the region which disappears has zero gleam. The same observation also holds for the P 2 -move. The sequence which produces the −P 1 -move. In this figure, we only draw the boundary curve of the region which moves; in the rectangular box we write its gleam. Note that if we stop before the last move, we get a local P 2 -move which splits as − 1 2 and 1 2 the gleam of the region which is cut by the move. Similarly we can obtain the local P 2 -move which splits this gleam as change the topology of the underlying polyhedron X: it adds a zero gleam disc to a region Y of X by glueing it along its boundary on a simple curve bounding a zero-gleam disc in Y .
Definition 2.3 (Equivalences)
. Two integer shadowed polyhedra X 1 and X 2 are called strictly equivalent (or simply equivalent) if X 2 can be obtained from X 1 by a finite sequence of moves P 1 , P 2 , P 3 and their inverses. They are called stably equivalent if X 2 can be obtained from X 1 by a finite sequence of moves P 1 , P 2 , P 3 , C and their inverses. The set of all integer shadowed polyhedra which are stably equivalent to X 1 is called the stable class of X 1 . The set of all integer shadowed polyhedra which are strictly equivalent to X 1 is called the strict class of X 1 .
Remark 2.4. Note that if X 1 and X 2 are shadow equivalent, they are homotopy-equivalent. This is not true if they are only stably shadow equivalent: if, for example, X 2 is obtained from X 1 by a C-move, then
The recostruction map
In this subsection we briefly recall how to associate to each integer shadowed polyhedron X an oriented, smooth 4-manifold M X into which X is embedded, see [6] for a more precise account. From now on, we will use the term manifold meaning compact manifold.
First we construct a 4-handlebody H where the singular set of X is embedded as follows. To each point p out of a small neighborhood of the vertices of Sing(X), we can associate a tripod whose three external edges correspond to the regions touching p (see Figure 6 ). If p belongs to a circle in Sing(X) not containing vertices, then a loop in this circle permutes the external edges of the tripod. If the permutation is even, the associated fiber bundle on S 1 whose fibers are tripods is an orientable 3-manifold, otherwise it is not orientable. In any case, the total space of the determinant fiber bundle of this manifold has a canonical orientation and so we get an oriented 4-manifold, which will be a connected component of the handlebody H we are constructing.
The construction of the other connected components of H where to embed the rest of Sing(X) is even simpler.
Using the standard reconstruction map for spines of 3-manifolds, we can construct a 3-manifold Q (not necessarily orientable) which collapses on a neighborhood of Sing(X) in X. This is done just by glueing the standard 3-dimensional blocks corresponding to vertices and edges by following the instructions given by the topology of the polyhedron underlying X. Then, the connected components of H we are searching for, are just the total spaces of the determinant fiber bundle of Q; they have a canonical orientation and they clearly are smooth 4-dimensional handlebodies.
The circles α i corresponding to the centers of the external edges of the tripods used in the construction, are contained in the boundary of H. Moreover, to each α i we can give a framing f i by using the curve corresponding to a point in the external edge of the tripod different from the center (see Figure 6 ). Note that the curve f i need not to be closed: if the regular neighborhood of a boundary component of a region Y of X in X − Y is a Moebius strip, then the framing curve f i near the curve α i corresponding to this component will not be closed, this, as we will see, is the reason why we must use half integer gleams.
To complete the construction, we now glue to the handlebody H a copy of the product space Y ×D 2 for each region Y of X, using the gleam of Y as an instruction for the gluing. More precisely, we give the product framing to the boundary curves β i of a region Y in Y × D 2 . Then, we split the gleam of Y as a sum of n half integers (one for each boundary curve β i ), such that the number m of integers between them, is equal to the number of boundary components of Y which in X − Y have regular neighborhoods homeomorphic to annuli. This can be done by the condition imposed to X by the definition of integer shadowed polyhedron.
For each boundary component β i in Y , there is a corresponding solid torus embedded in ∂(Y × D 2 ). We glue now these tori to the solid tori which are regular neighborhoods of the curves α i in ∂H and which are oriented as the boundary of H. To do that, we identify the tori by a diffeomorphism which identifies each curve α i with the corresponding β i and sends the framing curve of β i with associated half integer n i , in a curve in ∂H which twists n i times around the core (with respect to the framing curves f i described in Figure 6 ); then we extend the orientation of H to the manifold thus obtained (there is a unique way to do that). Note that if a framing curve in the handlebody is not closed, then we are attaching Y × D 2 along a solid torus by twisting its product framing a half integer number of times: the framing curve of the boundary component Framing curve f α i i Figure 6 : The centers of the external edges of a tripod describe curves α i which can be framed by using the curves f i described by a nearby point in ∂H.
2 is always closed and so must be its image in ∂H. It can be checked that the oriented manifold we obtain is smooth and that its diffeomorphism class does not depend on the choices made in splitting the total gleam of the regions in sums of half integers.
That way, one obtains a reconstruction map R from the set of integer shadowed polyhedra to a subset of smooth oriented 4-manifolds such that for any integer shadowed polyhedron X, M X = R(X) is a 4-manifold into which X embeds. The manifold M X is smooth since it inherits a PLstructure from X and hence a smooth structure. Since the manifolds we obtain by means of the reconstruction map are oriented, for the sake of brevity, from now on we will use the term diffeomorphism meaning positive diffeomorphism.
Remark 2.5. Note that the manifold M X obtained by the preceding procedure admits a handle decomposition not involving 3 or 4 handles. So, in particular the reconstruction map from the set of integer shadowed polyhedra to oriented smooth 4-manifolds is not surjective.
The calculus for stable shadows
In this subsection we define the concept of stable shadow of a 4-manifold and state the main result of Turaev on stable shadows.
In [6] , Theorem 6.2, Turaev showed that if two integer shadowed polyhedra X 1 and X 2 are equivalent, then the manifolds M X1 and M X2 are diffeomorphic. Moreover if X 2 is obtained from
. Remark 2.5 motivates the following definition.
Definition 2.6 (Strict and stable shadow). Let X be an integer shadowed polyhedron and let M X = R(X) be the smooth 4-manifold obtained by the reconstruction procedure already described. Let M be any smooth manifold obtained by attaching to M X some 3 or 4 handles. Then we say that X is a strict shadow of M X and a stable shadow (or simply shadow) of M .
Remark 2.7. By the observation made just before stating the last definition, if two shadows are equivalent then they are strict shadows of the same smooth manifold. If they are stably equivalent, they are stable shadows of the same manifolds (there are many). Infact, the boundary connected sum with S 2 × D 2 corresponds to the creation of a pair of complementary (2, 3) handles and successive deletion of the 3-handle.
Remark 2.8. To each polyhedron X embedded in a smooth oriented 4-manifold M , we can assign a set of gleams so to obtain an integer shadowed polyhedron. Infact, the gleams are determined by the topology of a regular neighborhood of X in the ambient manifold as follows. Let Y be a region of X and F the projectivization of the normal fiber bundle in M of Y . The other regions of X which touch Y along its boundary give a section of F on ∂Y . Orient arbitrarily Y and consider the identifications times the obstruction to extending the above section over all F . It is worth note that, applying the reconstruction map to the integer shadowed polyhedron thus obtained, we get exactly the regular neighborhood of X in M (see [6] ).
The main theorem Turaev proved in his already cited monograph can then be restated as follows: Theorem 2.9. Every smooth, oriented 4-manifold has a stable shadow, moreover any two stable shadows of the same 4-manifold are stably equivalent.
This theorem gives a calculus for the presentations via stable shadows of a 4-manifold. Note that a stable shadow of a 4-manifold does not give a complete information about the topology of it. Infact, the manifold can be recontructed only "up to 3 and 4-handles". On the contrary, it is worth note here that, given a shadow X of a closed smooth and oriented 4-manifold M , then X cannot be a stable shadow of any other smooth, closed 4-manifold; infact, a result of F. Laudenbach and V. Poenaru (see [3] ), states that any diffeomorphism of the boundary of the regular neighborhood of a graph in a 4-manifold can be extended to the whole neighborhood, and this implies that if there is a way to get a closed manifold from M X by attaching 3 and 4-handles, then the manifold obtained is unique up to diffeomorphism.
Strict calculus
As already noted, each oriented 4-manifold has a stable shadow, but a stable shadow of a 4-manifold, is not sufficient to reconstruct the diffeomorphism class of it. On the contrary, not all oriented 4-manifolds admit a strict shadow (see Remark 2.5), but a strict shadow of a manifold gives a complete information about it. In this section we will study the class of manifolds admitting a strict shadow and the relations occurring between two strict shadows of the same 4-manifold.
Strictly reconstructible 4-manifold
We already noted that the manifold associated to a given integer shadowed polyhedron via the reconstruction map, has a handle decomposition involving no 3 or 4-handles. In this subsection we show that this is the only restriction for a 4-manifold to be strictly reconstructible. More precisely, we prove the following: Theorem 3.1 (Strictly reconstructible manifolds). Let M be an oriented smooth 4-manifold admitting a handle decomposition involving no 3 or 4 handles. Then there exists an integer shadowed polyhedron X such that M X is diffeomorphic to M .
Proof of 3.1. To prove this theorem, we use the given handle decomposition of M to construct a strict shadow of the handlebody of the decomposition (the union of 0 and 1 handles). Then we glue the cores of the 2-handles to this shadow following a procedure already described by V.G. Turaev in [6] .
We can suppose, without loss of generality, that the given handle decomposition of M has only one 0-handle and no 3 or 4-handles. To construct a strict shadow of the handlebody of the decomposition, which from now on we will call H, we use the following: Lemma 3.2. Let X be a simple polyhedron which is a spine of an orientable 3-manifold Q. Then the integer shadowed polyhedron obtained by assigning to each region of X the gleam 0, is a strict shadow of the manifold
In particular, the boundary of M X is diffeomorphic to the double of Q.
Proof of 3.2. Recall that during the reconstruction procedure, we first construct a 3-manifold (not necessarily orientable) "containing" the singular set of X. Then we take its determinant bundle to get an orientable 4-manifold which fibers over it. If X is a spine of Q, then the 3-manifold we get is exactly a regular neighborhood N of Sing(X) in Q which is orientable, so the 4-manifold is just N × ] , so that the fibration extends trivially over the whole Q.
3.2
The preceding lemma gives us a way to construct strict shadows of any 4-dimensional handlebody: we choose any spine of a 3-dimensional handlebody and give gleam zero to all its regions. So, we choose Bing's house with a suitable number of "tubes" (see Figure 7 ) to obtain a 4-manifold diffeomorphic to H.
Moreover, by the same lemma, the regular neighborhood in R 3 of the spine of Figure 7 , is diffeomorphic to a half part of ∂H. Note that each stable shadow of a 4-manifold can be embedded in the manifold itself, this is due to the way the manifold is constructed. So we can imagine the tubed Bing's house, which we will call B g where g is the number of tubes, inside H. Isotope B g in ∂H, where its regular neighborhood is a 3-dimensional handlebody. The 2-handles of the decomposition are attached to ∂H along solid tori. It is easy to see that, up to isotopy, we can suppose that these tori are contained in a regular neighborhood of B g in ∂H. So, after orienting ∂H, we are ready to glue the cores of the 2-handles to B g as described by Turaev in the already cited paper.
We now briefly recall how to project framed links and how to do surgery on them in our particular case. Orient each component of B g − Sing(B g ) arbitrarily and equip it with a normal vector in ∂H so to obtain the fixed orientation of ∂H. This allows us to project on B g framed links lying in a neighborhood of B g . Up to isotopy, we can suppose that the projections have only double self-intersections and intersect Sing(B g ) transversely. Equip each component of the projection with a half integer called pregleam as follows. The vector field normal to B g − Sing(B g ) gives a section of the projectivized normal bundle of the projected link (it is easy to see how to extend it over the intersections of the link with Sing(B g )). Then a vector field representing the framing of each component of the projected link gives a section of this bundle whose intersection number with the section given by the normal vector field is defined to be equal to two times the pregleam. Note that this pregleam is integer only if a regular neighborhood of the component in B g is an annulus.
Moreover, the projection of the link splits B g creating new regions to which we have to give some gleams. The rules to do that are those already described by Turaev in [6] , we show them in Figure 8 (the total gleam of a region is the sum of the local contributions described in the figure) .
We are now ready to construct the strict shadow we are searching for. Let L be the framed link in a neighborhood of B g in ∂H giving the instructions for attaching the 2-handles. Project L on B g as explained above. Finally, to glue a 2-handle, glue a disc to a component of the projected link and assign a gleam to the disc exactly equal to the pregleam of the component of the link.
It can be checked that the shadow X we obtain that way is a strict shadow of M or of −M (the manifold with the opposite orientation). In the first case we are finished, in the second, to construct the strict shadow of Note that moving L by an isotopy, we can get a different shadow X, but it could be checked (see [6] , Chapter VIII) that the strict class of X does not change.
3.1
The calculus for strict shadows
We already noted that if X 1 and X 2 are equivalent integer shadowed polyhedra, then M X1 and M X2 are diffeomorphic (as oriented manifolds) . In this subsection we prove the converse:
If M is an oriented smooth 4-manifold, any two strict shadows of M containing at least one singular edge are strictly equivalent.
Remark 3.4. If M is an oriented smooth 4-manifold having a shadow without singular edges, then M is diffeomorphic to a complex line bundle over a surface. Note that, by the construction given in the proof of Theorem 3.1, M also admits a strict shadow containing some singular edge. So, the surfaces with a gleam are exactly the shadows which are isolated with respect to the calculus given by the moves P i , i = 1, 2, 3.
This theorem, modulo the preceding remark, gives a calculus for the shadow presentations of oriented 4-manifolds which admit a handle decomposition involving no 3 or 4 handles.
Proof of 3.3. Let X 1 and X 2 be two strict shadows of M . In particular, they are stable shadows of M , so by Theorem 2.9 they are stably equivalent. Hence, X 2 can be obtained from X 1 by a finite sequence of the moves generating the stable calculus. Note that since each C-move adds 1 to the rank of H 2 (X 1 , Z) ∼ = H 2 (M, Z) and each C −1 adds −1, the number of Cmoves in the sequence equals the number of C −1 -moves. We prove that we can find a sequence connecting X 1 and X 2 containing no C-moves, hence a sequence composed only of moves of the types P 1 , P 2 and P 3 and their inverses. The proof of this fact is rather long so we split it into five steps.
Step 1. We claim that we can modify the sequence of moves connecting X 1 and X 2 so that all the C moves are performed at the beginning of the sequence and all the C −1 -moves at the end. We show this for the C-moves, since for C −1 -moves the proof is analogous. Suppose that in the initial sequence there is subsequence of the form (P 1 ) ±1 , C. If the C-move acts on a region different from the one created by the P 1 -move, then we can simply permute the order of the two moves without changing the result of the subsequence. Otherwise we can substitute the subsequence by one of the form C, P 1 , P 2 , (P 2 ) −1 where the C-move attaches a zero gleam disc to a zero gleam disc contained in a region near to the vertex where the P 1 -move acts, and the (P 2 ) ±1 -moves slide this disc inside the region created by the P 1 -move (see Figure 9 ). The cases of the P 2 and P 3 -moves can be treated similarly.
So, we now assume that all the C-moves are at the beginning of the sequence and C −1 -moves at the end. Moreover we assume that there is only one C move (and so only one C −1 -move): showing that such a sequence can be substituted by a sequence without C ±1 -moves, will suffice to show that each sequence containing n (n ≥ 1) C-moves can be substituted by one containing only n − 1 such moves.
Step 2. A C-move on X 1 is similar to a 3-expansion of the simple polyhedron underlying X 1 , the substantial difference is that the interior of the 3-ball created by the expansion is deleted. We show in this step that we can "refill" this interior inside M = M X1 and that we can "follow" in M the 3-ball along the sequence of moves connecting X 1 and X 2 .
To refill the ball, just attach to X 1 in M the 3-ball B 3 bounded locally by the new zero gleam discs in the R 3 where the C-move acts (see Figure  5 ). Note infact that the R 3 we see in the figure is a local three-dimensional slice of M . To follow B 3 in M we use the following:
Lemma 3.5. Any (P i ) ±1 -move i = 1, 2, 3 can be viewed as a sliding inside M of a region of X 1 over other regions. More precisely, for each move there exists an isotopy φ t : M − X 1 → M with t ∈ [0, 1] (constant outside the ball where the move acts) such that M − φ 1 (M − X 1 ) is exactly the shadow obtained from X 1 by applying the move (we give to the embedded polyhedron the gleams corresponding to its immersion in M as explained in Remark 2.8).
Proof of 3.5. We prove the lemma for the P 1 -move, since the other cases are simpler. Fix a local system of coordinates as shown in Figure 10 , where the x 4 coordinate is orthogonal to the R 3 shown. We decompose into two parts the isotopy we are searching for.
First, we locally rotate in the negative x 4 -direction the region which in Figure 10 is under the horizontal plane. More precisely, we can locally parametrize this region as follows: (t, s) → (0, t, −s, 0) where (t, s) ∈ [−π, π] × [0, 1]. The first sliding is then parametrized as follows:
The terms s 2 − s are introduced so to extend the isotopy with the identity outside of the ball where the move acts. After this isotopy, the region is no longer visible in the R 3 of Figure 10 , except for its boundary which has not been moved.
The second ambient isotopy moves this boundary curve so to put it in the final position (see Figure 1) . This isotopy can be constructed by considering the ambient isotopy of R 3 which moves the curve as explained and extending it to an ambient isotopy of the whole R 4 by multiplying it by the identity on the fourth coordinate.
It can be checked now that the gleams of the regions involved in the move change exactly as indicated in Figure 1 after the already described isotopies.
For the other moves one can prove the lemma similarly. Obviously, then, the lemma also holds for the inverses of the moves.
3.5
By the preceding lemma, since the interior of the embedded 3-ball we glued to the embedded shadow X 1 of M did not intersect X 1 , it will not intersect it after any move (P i ) ±1 , i = 1, 2, 3. So, the interior of B 3 will always be an embedded open 3 ball in M . Note that this is not true for the whole B 3 : its boundary being part of X 1 can change after some move. So, after any move we have an immersion i : B 3 → M which is an embedding on the interior of B 3 and which maps ∂B 3 in the shadow obtained from X 1 .
Step 3. As shown in the preceding step, the interior of B 3 is embedded in M at any point of the sequence of moves connecting X 1 and X 2 . In particular, initially, B 3 is embedded in the 3-dimensional section of M where the C-move acts. We now substitute the initial B 3 by a house of Bing (with zero gleams) with all its "interior" in this 3-dimensional section as in Figure 11 . This substitution adds new regions and edges to X 1 , but we show that these regions should be viewed as fictitious. More precisely, each move of the sequence connecting X 1 after the C-move and X 2 before the C −1 -move can be translated in a set of moves of the new polyhedron X ′ 1 obtained by adding the house of Bing to X 1 . This can be done as follows. Note that at beginning of the sequence of moves, the boundary of B 3 corresponds exactly to the set of "external" regions of the house plus the two "doors". Moreover we recognize the S 1 embedded in X 1 over which we glued the zero gleam disc to do the C-move as a singular edge not belonging to the interior of the house (see Figure 11) . By a sequence of moves of the form P 2 , P −1
3 we can shift the internal regions of the house and suppose that their intersection with ∂B 3 is contained in a little disc not intersecting this S 1 . Note that this intersection (call it G) is fictitious in the sense that it did not belong to the singular set of X 1 after the C-move but only to Sing(X ′ 1 ) (see Figure 12) . After applying the C-move, X 1 can be embedded in X ′ 1 so we can apply each move of the sequence connecting X 1 and X 2 to X ′ 1 ; for simplicity, we will still call X ′ 1 the shadow obtained from X ′ 1 by applying some of the moves of the sequence. The one thing we should prove is that we can slide a region Y of of X ′ 1 over the disc containing G (this is where the new regions can create problems). But this is rather clear (see Figure 13 ) and we resume it in the following: Lemma 3.6. Each sliding of a region Y of X ′ 1 over a little disc contained in ∂B 3 and containing G can be decomposed into moves of the types (P i ) ±1 , i = 2, 3. Moreover after the sliding each region touching G has the same gleam as before the sliding (see Figure 13 ).
Step 4. In the preceding step we showed that if substitute X 1 after the C-move by X ′ 1 , we can translate all the moves of the sequence connecting X 1 after the C-move and X 2 before the C −1 -move to get a new shadow which we will call X ′ 2 . Note that, since the internal regions of the house, during the sequence of moves, do not interact essentially with the other regions, X ′ 2 is exactly X 2 before the C −1 -move with the interior of a Bing's house attached. So we have a sequence of moves (P i ) ±1 , i = 1, 2, 3 connecting Figure 12 : By a sequence of moves of the form P 2 , P −1
3 , we can shift internally in B 3 part the house so to place its intersection with ∂B 3 in a disc not intersecting regions which are external to 3 (see Figure 13) . The gleams of the regions which, after this deletion, paste together is just the sum of the gleams (but recall that all the regions lying inside B 3 have zero gleam). In this step, we want to translate the moves of the sequence connecting X to a new shadow which we will call X ′′ 2 . To do that, note that the doors we delete in X ′ 1 to obtain X ′′ 1 can be retracted on the interior of B 3 by using the retraction of B 3 onto the house of Bing. So, each sliding of an external region over a door can be retracted to a sliding of this region over a disc in the rest of the house by its interior. Obviously, during this sliding, the external region which moves (and which locally on ∂B 3 can be viewed as internal) meets also regions which are locally out of B 3 , but from the "other side".
Remark 3.7. Note that some problem could arise here if the sliding region is part of ∂B 3 . Infact, during the internal sliding, the little disc of the region which slides could have to pass over itself and this could cause some infinite recurrence problem. We can obviate to this problem noting that the internal sliding passes only on a half part of the house (the walls of one the two "rooms"). Then, before the sliding, using a suitable sequence of P 2 -moves, we can always move the internal separating walls so that the little disc of the region which slides and belongs to the house, belongs in particular to the walls not touched during the sliding.
So, the situation is analogous to the one of Lemma 3.6. More precisely, the graph contained in ∂B 3 and given by the intersection of B 3 and the regions of the polyhedron which locally are external, is not only 3-valent: it can also contain vertices which are 4-valent. Infact, out of B 3 there is enough room to contain two regions which intersect transversally in ∂B 3 . This implies that we must not only analyze the case of sliding over an edge or over a 3-valent vertice in ∂B 3 (which is done in the following Lemma 3.8), but we should also study the sliding inside B 3 over 4-valent vertices in ∂B 3 . So we state and prove the following lemmas:
Lemma 3.8. Let Y be a region which slides inside B 3 over an edge or over a 3-valent vertice in ∂B 3 . Then the sliding can be decomposed into a sequence of moves of the types (P i ) ±1 , i = 2, 3.
Proof of 3.8. If we forget the gleams of the regions involved in the sliding, it is a standard fact that the sliding can be decomposed into "little steps" as those of the moves (P i ) ±1 , i = 2, 3. Note that positive moves are always performable, so, what we must prove, is that when we apply the inverses of the moves, the gleams of the disappearing regions are zero (see Figure  3) .
Roughly speaking, this is true since the inward direction on ∂B 3 gives "the right" section of the normal bundle in M of the disappearing region. More precisely, as already explained in Remark 2.8, the gleam of a region R is 1 2 the obstruction to extending the section given on ∂R by the other regions in the projectivized unit normal bundle in M of the R itself. In our cases, choose the R 3 where the move acts as shown in the Figure 14 , where we exemplify the (P 3 ) −1 -case (the other case is analogous). In this figure, the section we should extend over the disappearing region, is exactly the field drawn, which clearly extends over the region without singularities. So the gleam is zero and the move can be effectively done. Note that the sum of the gleams of the regions into which a given region contained in ∂B 3 is temporarily divided by Y equals the total gleam of the region.
3.8
To show that we can internally slide Y also over 4-valent vertices, we state and prove the following: Lemma 3.9. Let Y be a region which slides inside B 3 over a 4-valent vertice in ∂B 3 . Then the sliding can be decomposed into a sequence of moves of the types (P i ) ±1 , i = 1, 2, 3.
Proof of 3.9. Call O 1 and O 2 the regions of X Figure 16 (the sequence for the case where the gleam is 1 2 is analogous but passes on the lower region).
Note that, this sequence produces a redistribution of the gleams in such a way that when Y is passed over all the disc obtained by projecting the door of the house onto the house itself, then there will be no new regions and all the old ones will have their initial gleam. Note that in Figure  14 , the intersection between O 1 and O 2 is dotted since they effectively do not intersect; so we should imagine O 1 to be slightly shifted in the fourth dimension.
To prove our claim, recall that, using the orientation of M and any orientation of the disappearing region, the gleam can be calculated as 1 2 the obstruction to extend in the projectivized unit normal bundle of the region, the section given on its boundary by the other regions (see Remark 2.8). We use the upward vector field in Figure 14 (which corresponds locally to the outward normal vector field in ∂B 3 ), to trivialize the projectivized unit normal bundle of the disappearing region. Then the section given on the boundary of the disappearing region by the other regions (precisely by Y, R 2 , O 1 , R 1 ) has degree ±1 with respect to the chosen trivialization (the indeterminacy is due to the fact that O 1 can pass over O 2 in the positive or So by the preceding lemmas, we showed that we can translate the sequence of moves connecting X Step 5. We now show that if X 1 contains at least a singular edge (here is were we use the hypothesis of the theorem), we can obtain the shadow X ′′ 1 from X 1 by a finite sequence of moves (P i ) ±1 , i = 2, 3. This has been already shown by Piergallini in [5] for polyhedra but the sequence is completely adaptable to the case of shadows as shown in Figure 17 .
So, we can create a Bing's house in X 1 obtaining X ′′ 1 , then we produce a sequence of moves, which are the natural translation of the moves connecting X 1 to X 2 , obtaining X ′′ 2 . Finally, we now show that we can delete the regions of X ′′ 2 which do not correspond to those of X 2 by using our moves. To do that, recall that, by Step 1, the last move of the sequence connecting X 1 and X 2 is a C −1 -move. We will then use the zero gleam disc D 2 which disappears in X 2 by this last move. First note that we can slide the disc D 2 over any other region in X ′′ 2 since the disc over which it is attached has zero gleam, so any sliding can be obtained by a sequence of (P 2 ) ±1 moves (see Figure 9 ). Then we can bring the disc inside the house as shown in Figure 18 . Now we are finished since we can finally slide the disc as shown in Figure  18 and then we have exactly X 2 with a Bing's house attached, so we can reobtain X 2 by the inverse of the sequence creating the house.
The standard setting
In this section we state some refinements of Theorem 3.1 and Theorem 3.3. Namely, we deal with standard strict shadows, i.e. strict shadows whose underlying polyhedron is standard. In what follows, we will call standard a move of the types P Proof of 4.1. Let X be a strict shadow of a 4-manifold whose underlying polyhedron is not a sphere (there exists one by the construction used in the proof of Theorem 3.1), and let n(X) be the number of regions Y of X such that χ(Y ) ≤ 0 (recall that each region Y is an orientable surface). If n(X) > 0, using the calculus for strict shadows, it is easy to construct another strict shadow X ′ of the manifold such that n(X ′ ) = n(X) − 1 and this is obviously sufficient for our purposes. To construct X ′ , we first choose a region Y of X such that χ(Y ) < 1, and then choose a finite family of properly embedded arcs in Y dividing it in a disjoint union of discs. Then it is easy to see how to apply a P 2 -move along each arc of this family to obtain the shadow X ′ we were searching for.
4.1
We now state the second theorem, which could be viewed as a 4-dimensional analog of the Matveev-Piergallini calculus for standard spines of 3-manifolds.
Theorem 4.2. Let M be a strictly reconstructible 4-manifold, and let X 1 and X 2 be two standard strict shadows of M . Then there exists a finite sequence of P 1 and P 3 moves and their inverses which connects X 1 and X 2 .
Proof of 4.2. It can be shown that there exists a finite sequence of standard P 1 , P 2 and P 3 moves (and their inverses) which connects X 1 and X 2 . The techniques used to prove that, are now standard and similar to those used in in [1] Chapter V Section 5, so we omit the proof of the preceding assertion.
For standard polyhedra it is well known (see [5] ) that the P 2 -move (any move on integer shadowed polyhedra can be viewed as a move on the underlying polyhedron) can be obtained as a combination of P 1 and P 3 moves. On the contrary, it is easy to see that P 1 and P 3 are independent.
To understand the problem which arises in the case of shadows, note that the P 2 -move splits a disc d into two discs d ′ and d ′′ whose gleams (call it respectively g ′ and g ′′ ) sum up to the gleam g of d. We already showed in Figure 4 how to construct, using only P 1 and P 3 -moves, a local version of the P 2 -move for which g ′ = −g ′′ = ± 1 2 (for local version we mean a move were two consecutive edges of a region are involved).
To get the local version of the P 2 -move for which g ′ = 0 and g ′′ = g we have to use a sequence of moves which involves also the −P 1 -move; it is important here that this move can be obtained as a combination of P 1 and P 3 -moves only (see Figure 4) . The sequence we are looking for has been exhibited by Piergallini in the already cited paper and has the following form −P 1 , P 1 , P 1 , P −1
1 . Now that we have shown that we can construct these particular local P 2 -moves, it is easy to see that, iterating these moves and their inverses, one can construct any local P 2 -move, i.e. any P 2 -move which involves two consecutive edges of the same region. Finally, the procedure to construct
